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In 2004 Anna Maria Radzikowska et al [20] investigated the fuzzy rough sets where the
set of truth values is an arbitrary residuated lattice. In this paper, we extend their work
by considering a residuated multilattice M as the set of truth values. M -fuzzy rough
sets are defined using the residuation operators provided by residuated multilattice M .
Depending on classes of binary fuzzy relations, we define several classes of M -fuzzy
rough sets and investigate some properties of these classes.
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1 INTRODUCTION
Several mathematical methods have been proposed to deal with uncertain, incomplete and vague
information and applications in different fields of mathematics and computer science. Rough sets
theory (RST) is a mathematical tool for representing and processing information from data tables.
It was first described by the Polish mathematician Zdzisław I. Pawlak [22]. On the other hand,
fuzzy set theory (FST) offers techniques to analyze uncertain and imprecise data. Therefore many
efforts have been made to combine the RST and FST in order to get structures than can deal with
the two theories. Such structures are fuzzy rough sets and rough fuzzy sets and have been proposed
in [1, 2, 3, 12]. In [20] Anna Maria Radzikowska have extensively investigated fuzzy rough sets
taking an arbitrary residuated lattice as underlying set of truth values.
In this paper, we consider fuzzy rough sets with residuated multilattice as set of truth values.
The rest of the paper is organized as follows: In Section 2 we recall basics notions to make this
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paper self-contained. Section 3 defines the M -fuzzy rough operators, the M -fuzzy rough sets and
gives some elementary properties. In Section 4 we investigate some classes of fuzzy rough sets with
respect to reflexivity, symmetry and transitivity. Section 5 concludes the paper.
2 PRELIMINARIES
In this section we introduces several notions from lattice and multilattice theory in order to make
our paper self contained. Let (P,≤) be a poset and X ⊆ P . We denote by U(X) (resp. L(X)) the
set of upper (resp. lower) bounds of X . The supremum (resp. infimum) of X is the least (resp.
greatest) element of U(X) (resp. L(X)), whenever it exists. The supremum (resp. infimum) of X
is denoted by ∨X or supX (resp. ∧X or infX). A lattice is a poset (P,≤) in which any pair of
elements has a supremum and an infimum. If every subset of P has a supremum and an infimum
then (P,≤) is called a complete lattice [10]. A subset X ⊆ P is called a chain (resp. antichain) if
for every x, y ∈ X we have x ≤ y or y ≤ x (resp. x 6≤ y and y 6≤ x)? . A poset (P,≤) is said to be
coherent if every chain has a supremum and an infinimum [16].
To extend the notion of lattice, Benado [6] introduced multilattices. A multisupremum (resp.
multiinfimum) of X is a minimal (resp. maximal) element of U(X) (resp. L(X)). The set of
multisuprema (resp. multiinfima) of X is denoted by unionsqX (resp. uX). For x, y ∈ P we simply
write U(x), L(x), x unionsq y, x u y for U({x}), L({x}), unionsq{x, y}, u{x, y}, respectively. We set
↓a := {x ∈ P : x ≤ a} and ↑a := {x ∈ P : a ≤ x}, for any a ∈ P.
The upper (resp. lower) closure of X is ↑X = ⋃
x∈X
↑x (resp. ↓X = ⋃
x∈X
↓x). Note that ↑x = U(x)
and unionsqX ⊆ U(X) ⊆ ↑X . The dual also holds.
Definition 2.1. [9] A poset (M, ≤) is called multilattice if, for all a, b, x ∈M
• a, b ≤ x =⇒ ∃z ∈ a unionsq b such that z ≤ x, and
• a, b ≥ x =⇒ ∃z ∈ a u b such that z ≥ x.
A complete multilattice [18] is a multilattice (M,≤) in which unionsqX and uX are non empty for any
X ⊆M .
Any lattice (L,∧,∨) is a multilattice since for all a, b ∈ L, au b = {a∧ b} and aunionsq b = {a∨ b}.
Whenever uX or unionsqX is a singleton, it is denoted by ∧X or ∨X . Any complete lattice is also a
complete multilattice. A multilattice will be called pure if it is not a lattice. Fig. 1 below shows an
? We write x‖y to mean that x 6≤ y and y 6≤ x.
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example of a complete and pure multilattice.
>
c d
a b
⊥
Fig. 1: The Multilattice (M6,≤)
In order to introduce our truth degree structure, we start with the residuation:
Definition 2.2. [9] A pocrim (partially ordered commutative residuated integral monoid) is a struc-
ture (A,≤,,→,>) such that
(1) (A,,>) is a commutative monoid with neutral element >,
(2) (A,≤) is a poset with a top element >, and
(3) a b ≤ c ⇐⇒ a ≤ b→ c, for all a, b, c ∈ A. (adjointness condition)
If (L,≤,⊥,>) is a bounded lattice and (L,≤,,→,>) a pocrim then (L,≤,,→,⊥,>) is called
a residuated lattice. A residuated lattice is complete if the underlying poset is a complete lattice.
The following properties hold in pocrims:
Proposition 2.3. [8] Let (A, ≤, , →, >) be a pocrim and a, b, c ∈ A. Then
P1 a b ≤ a and a b ≤ b;
P2 a (a→ b) ≤ a ≤ b→ (a b) and a (a→ b) ≤ b ≤ a→ (a b);
P3 If a ≤ b, then a c ≤ b c, c→ a ≤ c→ b, and b→ c ≤ a→ c;
P4 a→ (b→ c) = b→ (a→ c) = (a b)→ c;
P5 (a→ b) (b→ c) ≤ a→ c;
P6 a→ b ≤ (a c)→ (b c);
P7 a→ b ≤ (c→ a)→ (c→ b) and a→ b ≤ (b→ c)→ (a→ c);
P8 > → a = a and a→ > = >;
P9 a ≤ b if and only if a→ b = >.
On any residuated lattice (L,∧,∨,,→,⊥,>)we can define a unary operator ∗ by a∗ := a→ ⊥,
for any a ∈ L.
3
Proposition 2.4. [14, 20] Let (L,∧,∨,,→,⊥,>) be a residuated lattice. For every a, b, c ∈ L
and for any indexed family (xi)i∈I of elements of L, we have:
L1 a ≤ a∗∗, a∗ = a∗∗∗, a∗∗ → b∗∗ = b∗ → a∗, (a b)∗ = a→ b∗;
L2 ( ∨
i∈I
xi)→ c = ∧
i∈I
(xi → c), c→ (∧xi
i∈I
) = ∧
i∈I
(c→ xi);
L3 ∨
i∈I
(c xi) = c ( ∨
i∈I
xi), c ( ∧
i∈I
xi) ≤ ∧
i∈I
(c xi);
L4 ( ∨
i∈I
xi)
∗ = ∧
i∈I
x∗i ;
L5 ( ∧
i∈I
xi)
∗ ≥ ∨
i∈I
x∗i ;
L6 (a b)∗ = (a→ b∗)
Definition 2.5. [9] A residuated multilattice is a pocrim, whose underlying poset is a multilattice.
If in addition, there exists a bottom element, the residuated multilattice is said to be bounded. A
residuated multilattice is complete if the underlying multilattice is complete.
From now on, M := (M,≤,,→,⊥,>) will denote a complete residuated multilattice. The
operations ,→ and ∗ can be extended to P(M)− {∅} as follows, for A,B ∈ P (M)− {∅}:
AB := {a b : a ∈ A and b ∈ B},
A→ B := {a→ b : a ∈ A and b ∈ B},
A∗ := {a∗ : a ∈ A}.
In particular for z ∈M , A→ z, A z will stand respectively for A→ {z}, A {z}.
Proposition 2.6. [8] Let M be a complete residuated multilattice and x, y, z ∈M . Then:
M1 x y, x (x→ y) ∈↓ (x u y);
M2 (x y) unionsq (x z) ⊆ x (y unionsq z);
M3 x (y u z) ⊆↓ [(x y) u (x z)]
M4 x (y unionsq z) ⊆↑ [(x y) unionsq (x z)]
M5 (x u y)→ z ⊆↑ [(x→ z) unionsq (y → z)];
M6 (x unionsq y)→ z ⊆↓ [(x→ z) u (y → z)];
M7 (x→ z) u (y → z) ⊆ (x unionsq y)→ z;
M8 z → (x unionsq y) ⊆↑ [(z → x) unionsq (z → y)];
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M9 z → (x u y) ⊆↓ [(z → x) u (z → y)];
M10 x ≤ x∗∗, x∗ = x∗∗∗, x∗∗ → y∗∗ = y∗ → x∗, (x y)∗ = x→ y∗;
M11 (x y)∗ = x→ y∗
M12 (x u y)∗ ⊆↑ (x∗ unionsq y∗);
M13 (x unionsq y)∗ ⊆↓ (x∗ u y∗);
M14 (x∗ u y∗) ⊆ (x unionsq y)∗.
Corollary 2.7. In a complete residuated multilattice M, the following conditions hold for all X ⊆
M and z ∈M :
1. unionsq(z X) ⊆ z  (unionsqX);
2. (uX)∗ ⊆ ↑ (unionsqX∗);
3. (unionsqX)∗ ⊆ ↓ (uX∗);
4. u(X → z) ⊆ (unionsqX)→ z. In particular, for z = ⊥ we have: uX∗ ⊆ (unionsqX)∗;
5. u(z → X) ⊆ z → (uX).
6. ↓ (unionsqX)∗ = ↓ (uX∗) and ↑ (uX)∗ ⊆ ↑ (unionsqX∗)
Proof. 1. Let m ∈ unionsq(z X), let’s show that there exists t ∈ unionsqX such that m = z  t.
m ∈ unionsq(z  X), that is, m ∈ unionsq
x∈X
(z  x) then, for all x ∈ X , z  x ≤ m, by adjointness
condition, for all x ∈ X , x ≤ z → m and then, there exists t ∈ unionsqX such that t ≤ z → m
which implies z  t ≤ m. But for all x ∈ X , x ≤ t then, for all x ∈ X , z  x ≤ z  t,
therefore, by the minimality, m = z  t.
2. Let m ∈ (uX)∗. We are looking for an element t ∈ (unionsqX∗) such that t ≤ m.
m ∈ (uX) → ⊥ then, there exists m′ ∈ uX such that m = m′ → ⊥. On the other
hand, as m′ ∈ uX , we have that, for all x ∈ X , m′ ≤ x and using P3, for all x ∈ X ,
x → ⊥ ≤ m′ → ⊥ then, there exists t ∈ unionsq
x∈X
{x → ⊥} = ( unionsqX∗) such that t ≤ m′ → ⊥
that is, t ≤ m.
3. Let m ∈ (unionsqX)∗. Let’s find an element t ∈ (uX)∗ such that, m ≤ t.
m ∈ (unionsqX) → ⊥ then, there exists m′ ∈ unionsqX such that, m = m′ → ⊥. Since m′ ∈ unionsqX ,
for all x ∈ X , x ≤ m by using P3, for all x ∈ X , m → ⊥ ≤ x → ⊥ then, there exists
t ∈ u
x∈X
{x→ ⊥} = ( uX∗) such that, m′ → ⊥ ≤ t that is, m ≤ t.
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4. Let m ∈ u(X → z). Let’us show that, there exist m′′ ∈ unionsqX such that m = m′′ → z.
m ∈ u(X → z) then, for all x ∈ X , m ≤ x → z, using adjointness, we have for all x ∈ X ,
x  m ≤ z and so there exists m′ ∈ unionsq
x∈X
{x  m} = unionsq(m  X) such that m′ ≤ z. By
the previous (item 1), there exists m′′ ∈ unionsqX such that m′ = m  m′′ ≤ z which implies
m ≤ m′′ → z. On the other hand, as m′′ ∈ unionsqX , for all x ∈ X , x ≤ m′′ and using P3, for
all x ∈ X , m′′ → z ≤ x→ z then, there exits m′′′ ∈ u(X → z) such that m′′ → z ≤ m′′′.
Therefore, m ≤ m′′ → z ≤ m′′′ and, as m and m′′′ should be either equal or incomparable,
we obtain m = m′′′ = m′′ → z.
5. Inclusion 5 follows the same pattern as item 4.
6. The equality ↓ (unionsqX)∗ = ↓ (uX∗) follows from the inclusions below:
(unionsqX)∗ ⊆ ↓ (uX∗) =⇒ ↓ (unionsqX)∗ ⊆ ↓ (uX∗) by 3.
uX∗ ⊆ (unionsqX)∗ =⇒ ↓ (uX∗) ⊆ ↓ (unionsqX)∗ by 4.
For the inclusion ↑ (uX)∗ ⊆ ↑ (unionsqX∗), note that from 2. we get (uX)∗ ⊆ ↑ (unionsqX∗), then
↑ (uX)∗ ⊆ ↑ (unionsqX∗).
Definition 2.8. [16] Let (M1,≤1), (M2,≤2) be two multilattices and (P,≤) be a poset, and
 : M1 ×M2 → P be a mapping between them. We say that  is:
(i) soft left-continuous in the first argument if for every non empty subsetK1 ⊆M1 and elements
m2 ∈ M2 and p ∈ P such that km2 ≤ p for every k ∈ K1, then there exists m1 ∈ unionsqK1
satisfying m1m2 ≤ p.
(ii) soft left-continuous in the second argument if for every non empty subset K2 ⊆ M2 and
element m1 ∈ M1 and p ∈ P such that m1k ≤ p for every k ∈ K2, then there exists
m2 ∈ unionsqK2 satisfying m1m2 ≤ p.
(iii) soft left-continuous if it is soft left-continuous in the both argument.
If we use a short hand notation K1m2 ≤ p to mean that km2 ≤ p for every k ∈ K1, then the
soft left-continuous in the first argument can be neatly expressed by:
∀K1 ∈ P(M1) \ {∅}, K1m2 ≤ p =⇒ ∃m1 ∈ unionsqK1, m1m2 ≤ p.
Proposition 2.9. The operator  defined on M is soft left continuous.
Proof. Since  is commutative, we will only show that it is soft left continuous for the first argu-
ment. Let ∅ 6= K ⊆ M, y ∈ M and z ∈ M . We assume that k  y ≤ z for all k ∈ K. We are
looking for an element x ∈ unionsqK such that x y ≤ z. For all k in K, k ≤ y → z. Therefore y → z
is an upper bound of K. Since M is a complete multilattice, there is an element x ∈ unionsqK such that
x ≤ y → z, i.e. x y ≤ z.
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3 FUZZY ROUGH SETS BASED ON RESIDUATED MULTILATTICE
Fuzzy rough set theory (FRST) was introduced in [12] by Dubois and Prade. In this section we
explore how to use residuated multilattices as underlying set of truth values in fuzzy rough set theory.
We start by recalling some basic notions on L-fuzzy rough set as defined in [20], and then extend
these notions to the context of M -fuzzy rough set, where M is a complete residuated multilattice.
Definition 3.1. [14] Let (L,∧,∨,,→,⊥,>) be a complete residuated lattice and let X be a non
empty universe. Any mapping R : Xn −→ L for n ≥ 2, is called an n-ary L-fuzzy relation on
X . For n = 2, R is called a binary L-fuzzy relation on X . An L-fuzzy set in X is just a map
f : X −→ L. The family of all L-fuzzy sets in X will be denoted by LX .
Some properties of a binary relation are given below:
Definition 3.2. [14, 20] Let R be a binary L-fuzzy relation, we say that R is:
• reflexive if R(x, x) = >, for every x ∈ X;
• symmetric if R(x, y) = R(y, x), for all x, y ∈ X;
• euclidean if R(z, x)R(z, y) ≤ R(x, y), for all x, y, z ∈ X;
• transitive if R(x, z)R(z, y) ≤ R(x, y), for all x, y, z ∈ X .
Let (L,≤,,→,⊥,>) be a complete residuated lattice and X a non-empty universe. The order
relation ≤ on L is extended on LX by f ≤ g :⇐⇒ f(x) ≤ g(x) for all x ∈ X . The operations ∧,
∨, ,→, ∗, ⇑ and ⇓ are defined on LX as follows:
(f ∧ g)(x) := f(x) ∧ g(x), (f ∨ g)(x) := f(x) ∨ g(x),
(f  g)(x) := f(x) g(x) (f → g)(x) := f(x)→ g(x)
⇑ (x) := > and ⇓ (x) := ⊥ f∗(x) := (f(x))∗
Definition 3.3. [20] An L-fuzzy approximation space is a pair (X,R), where X is a universe and
R a binary L-fuzzy relation. Two mappings R, R : LX → LX are defined on LX by: for every
f ∈ LX and every x ∈ X ,
R(f)(x) :=
∧
y∈X
(R(x, y)→ f(y)) and R(f)(x) :=
∨
y∈X
(R(x, y) f(y)).
R(f) (resp. R(f)) is called a lower (resp. upper) L-fuzzy rough approximation of f .
Proposition 3.4. [20] Let (L,∧,∨,,→,⊥,>) be a complete residuated lattice. For every L-fuzzy
approximation space (X,R) and every f ∈ LX the following conditions hold:
(i) R(⇓) =⇓ and R(⇑) =⇑;
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(ii) If f ≤ g, then R(f) ≤ R(g) and R(f) ≤ R(g);
(iii) R(f) ≤ (R(f∗))∗, R(f) ≤ (R(f∗))∗ and (R(f))∗ = R(f∗).
Now we can introduce the notion of M -fuzzy approximation.
Definition 3.5. Let M be a residuated multilattice. A M-fuzzy set f on a nonempty universe X is
a mapping f : X −→M .
The family of all M -fuzzy sets in X will be denoted by MX , the operators ,∗ ,→
and the maps ⇑,⇓ are defined exactly as in LX , replacing the residuated lattice L with a residuated
multilattice M . Similarly the notions of M -fuzzy relation, reflexivity, symmetry, transitivity, M -
tolerance and M -equivalence are defined.
For R ∈ MX2 and x ∈ X , we write Rx to denote the M -fuzzy set on X defined by Rx(y) :=
R(x, y), for every y ∈ X . We can now define the M -fuzzy rough approximators.
Definition 3.6. Let M be a residuated multilattice. A M -fuzzy approximation space is a pair
(X,R) where X is a non empty universe and R ∈MX2 .
To define the M -fuzzy rough approximators we need certain infima and suprema.
Theorem 3.7. Let (M,≤,→,⊥,>) be a complete residuated multilattice, f ∈MX andR ∈MX2 .
Then, for any x ∈ X the following holds:
(i) The set {R(x, y)→ f(y) | y ∈ X} has an infimum.
(ii) The set {R(x, y) f(y) | y ∈ X} has a supremum.
Proof. Because we are working with a complete residuated multilattice, for all x ∈ X and f ∈MX
the sets u{R(x, y) → f(y) | y ∈ X} and unionsq{R(x, y)  f(y) | y ∈ X} are nonempty. We will
prove that u{R(x, y)→ f(y) | y ∈ X} and unionsq{R(x, y) f(y) | y ∈ X} are singletons.
(i) Let x1 and x2 be in u{R(x, y) → f(y) | y ∈ X}. We have x1 ≤ R(x, y) → f(y) and
x2 ≤ R(x, y)→ f(y), for every y ∈ X . Then x1R(x, y) ≤ f(y) and x2R(x, y) ≤ f(y),
for every y ∈ X . Since  is soft left continuous , there exists a ∈ unionsq{x1;x2}, such that
aR(x, y) ≤ f(y). Hence a ≤ R(x, y)→ f(y), for every y ∈ X . Hence a is a lower bound
of the set {R(x, y) → f(y) | y ∈ X}; as x1 and x2 are maximal lower bounds, we obtain
that a = x1 = x2. Thus, all multiinfima collapse in one and, so, there is an infimum.
(ii) Let x1 and x2 ∈ unionsq{R(x, y)  f(y) | y ∈ X}, we have that R(x, y)  f(y) ≤ x1 and
R(x, y)  f(y) ≤ x2, for every y ∈ X . Then there exist b ∈ u{x1, x2} such that for every
y ∈ X , R(x, y)  f(y) ≤ b. Hence b is an upper bound of {R(x, y)  f(y) | y ∈ X}
and b ≤ x1, x2; as x1 and x2 are minimal upper bounds, we obtain x1 = b = x2. Thus, all
multisuprema collapse in one, then there is a suprema.
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Definition 3.8. Let (M, ≤, , →, ⊥, >) be a complete residuated multilattice and (X,R) be a
M -fuzzy approximation space. Define the mappings R, R :MX →MX by:
R(f)(x) :=
∧
y∈X
(R(x, y)→ f(y)) and R(f)(x) :=
∨
y∈X
(R(x, y) f(y)),
for every f ∈MX and every x ∈ X . The operators R and R are respectively called lower and upper
M -fuzzy rough approximators, and R(f) (resp. R(f)) is called a lower (resp. upper) M -fuzzy
rough approximation of f .
Definition 3.9. Let (X, R) a M -fuzzy approximation space. A pair (R(f), R(f)) ∈ MX ×MX ,
for some f ∈MX is called a M -fuzzy rough set in (X,R).
We are going now to study some properties of M -fuzzy rough approximators.
Proposition 3.10. Let (M, ≤, , →, ⊥, >) be a complete residuated multilattice. For every
M -fuzzy approximation space (X,R), every f ∈MX the following conditions hold:
(i) R(⇓) =⇓ and R(⇑) =⇑;
(ii) If f ≤ g, then R(f) ≤ R(g) and R(f) ≤ R(g);
(iii) R(f) ≤
(
R
(
f∗
))∗
, R(f) ≤
(
R
(
f∗
))∗
and
(
R(f)
)∗
= R(f∗).
Proof. (i) Let x ∈ X;
R(⇓)(x) =
∨
y∈X
(
R(x, y) ⇓ (y)
)
=
∨
y∈X
(
R(x, y)⊥
)
=
∨
y∈X
⊥ = ⊥.
R(⇑)(x) =
∧
y∈X
(
R(x, y)→⇑ (y)
)
=
∧
y∈X
(
R(x, y)→ >
)
=
∧
y∈X
> = >.
(ii) Let x ∈ X and f ≤ g. Then f(y) ≤ g(y) for all y ∈ X . Thus
f ≤ g =⇒ R(x, y)→ f(y) ≤ R(x, y)→ g(y) for all y ∈ X
=⇒
∧
y∈X
(
R(x, y)→ f(y)
)
≤
∧
y∈X
(
R(x, y)→ g(y)
)
=⇒ R(f)(x) ≤ R(g)(x).
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and
f ≤ g =⇒ R(x, y) f(y) ≤ R(x, y) g(y) for all y ∈ X
=⇒
∨
y∈X
(
R(x, y) f(y)
)
≤
∨
y∈X
(
R(x, y) g(y)
)
=⇒ R(f)(x) ≤ R(g)(x).
Thus, f ≤ g implies R(f) ≤ R(g) and R(f) ≤ R(g).
(iii) Let x ∈ X and f ∈MX .
R(f∗)(x) =
∧
y∈X
(
R(x, y)→ f∗(y)
)
=
∧
y∈X
(
R(x, y)→ (f(y))∗)
=
∧
y∈X
(
R(x, y)→ (f(y)→ ⊥)) = ∧
y∈X
((
R(x, y) f(y))→ ⊥), by (P4)
=
∧
y∈X
(
R(x, y) f(y))∗.
Thus
(R(f∗)(x))∗ ∈
(
u
y∈X
(
R(x, y) f(y)
)∗)∗
⊆ ↑
(
unionsq
y∈X
(
R(x, y) f(y)
)∗∗)
, by Corollary 2.7 (item 2).
Then, there is t ∈ unionsq
y∈X
(
R(x, y)  f(y)
)∗∗
such that t ≤ (R(f∗)(x))∗. Since t is in
unionsq
y∈X
(
R(x, y)  f(y)
)∗∗
, it follows that
(
R(x, y)  f(y))∗∗ ≤ t, for all y ∈ X . There-
fore, R(x, y)  f(y) ≤
(
R(x, y)  f(y)
)∗∗
≤ t ≤
(
R(f∗)(x)
)∗
, for all y ∈ X . Thus,
R(f)(x) =
∨
y∈X
(
R(x, y) f(y)
)
≤
(
R(f∗)(x)
)∗
for all x ∈ X .
(R(f∗)(x))∗ =
(
unionsq
y∈X
(
R(x, y) (f(y))∗))∗
⊇
(
u
y∈X
(
R(x, y) (f(y))∗)∗) , by Corollary 2.7 item 4
M11
=
(
u
y∈X
(
R(x, y)→ (f(y))∗∗))
Since u
y∈X
(
R(x, y)→ (f(y))∗∗
)
= R(f∗∗)(x) is a singleton, we therefore have,
(
R(f∗)(x)
)∗
=
(
u
y∈X
(
R(x, y)→ (f(y))∗∗)) P3≥ u
y∈X
(
R(x, y)→ f(y)
)
= R(f)(x).
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For all x ∈ X
(
R(f)(x)
)∗
=
∨
y∈X
(
R(x, y) (f(y))
)∗
⊇ u
y∈X
(
R(x, y) f(y)
)∗
, by Corollary 2.7 (item 4)
M11
= u
y∈Y
(
R(x, y)→ (f(y))∗)
Since u
y∈X
(
R(x, y)→ (f(y))∗) = R(f∗)(x) is a singleton, therefore,(
R(f)(x)
)∗
= u
y∈X
(
R(x, y)→ (f(y))∗) = R(f∗)(x).
4 SELECTED CLASSES OF M-FUZZY ROUGH SET
In this section, according to the properties of the M -fuzzy relation R, we will present some proper-
ties of the corresponding M -fuzzy rough set, where M denotes the complete residuated multilattice
(M,≤,,→,⊥,>).
The following proposition is the continuation of proposition 3.10.
Proposition 4.1. For any reflexive M -fuzzy approximation space (X,R) the following properties
hold.
(i) R(⇓) =⇓ (ii) R(⇑) =⇑ .
Proof. (i) For every x ∈ X ,
R(⇓)(x) =
∧
y∈X
(
R(x, y)→ ⊥
)
≤ R(x, x)→ ⊥ = > → ⊥ = ⊥.
(ii) For every x ∈ X;
R(⇑)(x) =
∨
y∈X
(
R(x, y)>
)
≥ R(x, x)> = R(x, x) = >.
Proposition 4.2. For any M -fuzzy approximation space (X,R) the following conditions are equiv-
alent:
(i) (X,R) is a reflexive fuzzy approximation space;
(ii) R(f) ≤ f , for every f ∈MX ;
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(iii) f ≤ R(f), for every f ∈MX .
Proof. We are going two show that (i)⇔ (ii) and (i)⇔ (iii).
(i)⇒ (ii) For every f ∈MX and for every x ∈ X ,
R(f)(x) =
∧
y∈X
(R(x, y) → f(y)) ≤ R(x, x) → f(x) = > → f(x) P8= f(x). Thus,
R(f) ≤ f .
(ii)⇒ (i) Assume that R is not reflexive. It means that R(x0, x0)   >, for some x0 ∈ X . Consider
f = Rx0 . Then we have
R(f)(x0) =
∧
y∈X
(R(x0, y) → f(y)) =
∧
y∈X
(R(x0, y) → R(x0, y)) P9= >. However,
f(x0) = R(x0, x0)   > = R(f)(x0), then R(f) 6≤ f .
(i)⇒ (iii) For every f ∈MX and for every x ∈ X we have,
R(f)(x) =
∨
y∈X
(
R(x, y) f(y)
)
≥ R(x, x) f(x) = > f(x) = f(x). Thus, f ≤ R(f).
(iii)⇒ (i) Assume that R is not reflexive. This means that R(x0, x0)   >, for some x0 ∈ X . Let f be
defined by f(x) = >, for x = x0 and f(x) = ⊥ otherwise. We have
R(f)(x0) =
∨
y∈X
(
R(x0, y) f(y)
)
= R(x0, x0)> = R(x0, x0)   >. Thus f 6≤ R(f).
Let us now consider, a symmetric M -fuzzy approximation space.
Proposition 4.3. For any M -fuzzy approximation space (X,R) the following conditions are equiv-
alent:
(i) (X,R) is a symmetric fuzzy approximation space;
(ii) R(R(f)) ≤ f , for every f ∈MX ;
(iii) f ≤ R(R(f)), for every f ∈MX .
Proof. We are going two show that (i)⇔ (ii) and (i)⇔ (iii).
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(i)⇒ (ii) For every f ∈MX and for x ∈ X ,
R(R(f))(x) =
∨
y∈X
(
R(x, y)
∧
z∈X
(
R(y, z)→ f(z)))
P3≤
∨
y∈Y
(
R(x, y) (R(y, x)→ f(x)))
=
∨
y∈X
(
R(x, y) (R(x, y)→ f(x))), by symmetry of R
P2≤ f(x).
Thus, R(R(f)) ≤ f .
(ii)⇒ (i) Assume that R is not symmetric, that is there exist x0, y0 ∈ X such that R(x0, y0) 6=
R(y0, x0). Consider the following two cases:
Case 1: Assume R(x0, y0) ≤ R(y0, x0). Since R(x0, y0) 6= R(y0, x0), we have R(y0, x0) 6≤
R(x0, y0) then by P9, R(y0, x0)→ R(x0, y0)   >.
For f = Rx0 , we have,(
R
(
R(f)
)
(y0)
)
→ f(y0) =
( ∨
x∈X
(
R(y0, x)
∧
z∈X
(
R(x, z)→ R(x0, z)
)))→ R(x0, y0)
P3≤
(
R(y0, x0)
∧
z∈X
(
R(x0, z)→ R(x0, z)
))→ R(x0, y0)
=
(
R(y0, x0)>
)
→ R(x0, y0)
  >
By P9, R
(
R(f)
)
(y0) 6≤ f(y0). Thus, R(R(f)) 6≤ f .
Case 2: Let R(x0, y0) 6≤ R(y0, x0). Then, R(x0, y0)→ R(y0, x0)   >, by P9. Take f = Ry0 .
Similarly we have,(
R
(
R(f)
)
(x0)
)
→ f(x0) =
( ∨
y∈Y
(
R(x0, y)
∧
z∈X
(
R(y, z)→ R(y0, z)
)))→ R(y0, x0)
≤
((
R(x0, y0)
∧
y∈Y
(
R(y0, z)→ R(y0, z)
)))→ R(y0, x0)
≤ R(x0, y0)→ R(y0, x0)   >.
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Therefore, R(R(f))(x0) 6≤ f(x0). Again R(R(f)) 6≤ f .
(i)⇒ (iii) For every f ∈MX and for x ∈ X ,
R
(
R(f)
)
(x) =
∨
y∈X
(
R(x, y)
∧
z∈X
(
R(y, z)→ f(z)))
P3≤
∨
y∈X
(
R(x, y) (R(y, x)→ f(x)))
=
∨
y∈X
(
R(x, y) (R(x, y)→ f(x))), by the symmetry of R
P2≤ f(x).
Thus, R(R(f)) ≤ f .
(iii)⇒ (i) Assume that R is not symmetric, that is there exist x0, y0 ∈ X such that R(x0, y0) 6=
R(y0, x0). Consider the following two cases:
case 1: Assume R(x0, y0) ≤ R(y0, x0). Since R(x0, y0) 6= R(y0, x0), we have R(y0, x0) 6≤
R(x0, y0) then by P9 R(y0, x0)→ R(x0, y0)   >.
For f defined by f(x) = >, if x = y0 and f(x) = ⊥ otherwise. We have,
(
R
(
R(f)
)
(y0)
)
=
( ∧
x∈X
(
R(y0, x)→
∨
z∈X
(
R(x, z) f(z))))
=
( ∧
x∈X
(
R(y0, x)→ R(x, y0)
))
≤
((
R(y0, x0)→ R(x0, y0)
))
  > = f(y0)
Then, f 6≤ R(R(f)).
Case 2: Let R(x0, y0) 6≤ R(y0, x0). Then, R(x0, y0) → R(y0, x0)   >, by P9. For f defined
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by f(x) = >, if x = x0 and f(x) = ⊥ otherwise. Similarly we have,
(
R
(
R(f)
)
(x0)
)
=
( ∧
y∈X
(
R(x0, y)→
∨
z∈X
(
R(y, z) f(z))))
=
( ∧
y∈X
(
R(x0, y)→ R(y, x0)
))
≤
((
R(x0, y0)→ R(y0, x0)
))
  > = f(x0)
Therefore, f(x0) 6≤ R(R(f))(x0). Then, f 6≤ R(R(f)).
Let’s look at the case of Euclidean M -fuzzy approximation space.
Proposition 4.4. For any M -fuzzy approximation space (X,R) the following conditions are equiv-
alent:
(i) (X,R) is an Euclidean fuzzy approximation space;
(ii) R(f) ≤ R(R(f)), for every f ∈MX ;
(iii) R(R(f)) ≤ R(f), for every f ∈MX .
Proof. Let R be a fuzzy relation on a universe X .
(i)⇒ (ii): We assume that R is a fuzzy Euclidean relation, i.e. R(x, y)  R(x, z) ≤ R(y, z), for
all x, y, z ∈ X . Then for every f ∈MX and for all every x ∈ X
R
(
R(f)
)
(x) =
∧
y∈X
(
R(x, y)→
∨
z∈X
(
R(y, z) f(z)))
≥
∧
y∈X
(
R(x, y)→
∨
z∈X
(
R(x, y)R(x, z) f(z))), since R is Euclidean
=
∧
y∈X
(
R(x, y)→
(
R(x, y)
∨
z∈X
(
R(x, z) f(z)))), by Corollary 2.7 (item 1)
P2≥
∧
y∈X
∨
z∈X
(R(x, z) f(z)) =
∨
z∈X
(R(x, z) f(z)) = R(f)(x).
Then, R(f) ≤ R(R(f)).
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(ii)⇒ (i): We assume that R is not Euclidean. Then there are elements x0, y0, z0 ∈ X such that
R(x0, y0)R(x0, z0) 6≤ R(y0, z0). By P9 we get R(x0, y0)R(x0, y0)→ R(y0, z0)  >.
Define a map f : X → M by f(x) = > if x = z0 and f(x) = ⊥ otherwise. Then
R(f)(y) =
∨
z∈X
(R(y, z) f(z)) = R(y, z0), for any y ∈ X . Hence,
R(f)(x0)→ R(R(f))(x0) = R(x0, z0)→
∧
y∈X
(
R(x0, y)→ R(f)(y)
)
= R(x0, z0)→
∧
y∈X
(
R(x0, y)→ R(y, z0)
)
P3≤ R(x0, z0)→
(
R(x0, y0)→ R(y0, z0)
)
P4
=
(
R(x0, z0)R(x0, z0)
)
→ R(y0, z0)  >.
Then, again by P9, we have R(f)(x0) 6≤ R(R(f))(x0), and R(f) 6≤ R(R(f)).
(i)⇒ (iii): We assume that R is a fuzzy Euclidean relation. For every f ∈ MX and x, y, z ∈ X ,
we have R(y, z)→ f(z) P3≤
(
R(x, y)R(x, z)
)
→ f(z) = R(x, y)→ (R(x, z)→ f(z)),
and
R(f)(y) =
∧
z∈X
(
R(y, z)→ f(z)
)
≤
∧
z∈X
(
R(x, y)→ (R(x, z)→ f(z)))
= R(x, y)→
∧
z∈X
(
R(x, z)→ f(z)
)
, by Corollary 2.7 (item 5)
= R(x, y)→ R(f)(x).
Thus,
R(R(f))(x) =
∨
y∈X
(
R(x, y)R(f)(y)
)
≤
∨
y∈X
(
R(x, y)
(
R(x, y)→ R(f)(x)
)) P2≤ R(f)(x).
Thus, R(R(f)) ≤ R(f).
(iii)⇒ (i): We assume that R is not Euclidean. Then there are elements x0, y0, z0 in X such that
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R(x0, y0)R(x0, y0)→ R(y0, z0)  >. Consider f = Ry0 . Then, we have
R(R(f))(x0)→ R(f)(x0) =
( ∨
y∈X
(
R(x0, y)
∧
z∈X
(
R(y, z)→ R(y0, z)
)))→ R(f)(x0)
=
∨
y∈X
(
R(x0, y)
∧
z∈X
(
R(y, z)→ R(y0, z)
))
→ R(f)(x0)
≤
(
R(x0, y0)
∧
z∈X
(
R(y0, z)→ R(y0, z)
))
→ R(f)(x0)
=
(
R(x0, y0)>
)
→ R(f)(x0)
= R(x0, y0)→
( ∧
z∈X
(
R(x0, z)→ R(y0, z)
))
≤ R(x0, y0)→
(
R(x0, z0)→ R(y0, z0)
)
=
(
R(x0, y0)R(x0, z0)
)
→ R(y0, z0)  >.
Thus R(R(f))(x0) 6≤ R(f)(x0) and R(R(f)) 6≤ R(f).
To end this section, let us consider M -fuzzy rough sets in approximation space with transitive
fuzzy relation.
Proposition 4.5. For any M -fuzzy approximation space (X,R) the following conditions are equiv-
alent:
(i) (X,R) is a Transitive fuzzy approximation space;
(ii) R(f) ≤ R(R(f)), for every f ∈MX ;
(iii) R(R(f)) ≤ R(f), for every f ∈MX .
Proof. We are going two show that (i)⇔ (ii) and (i)⇔ (iii).
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(i)⇒ (ii): We assume that R is transitive. Let f ∈MX and x ∈ X .
R(R(f))(x) =
∧
y∈X
(
R(x, y)→
∧
z∈X
(
R(y, z)→ f(z)
))
=
∧
y∈X
∧
z∈X
(
R(x, y)→
(
R(y, z)→ f(z)
))
by Corollary 2.7 (item 5)
P9
=
∧
y∈X
∧
z∈X
(R(x, y)R(y, z))→ f(z)
≥
∧
z∈X
(
R(x, z)→ f(z)
)
since R is transitive
= R(f)(x).
Thus, R(f) ≤ R(R(f)).
(ii)⇒ (i): Assume that R is not transitive. It follows that for some x0, y0 ∈ X ,
∨
z∈X
(R(x0, z) 
R(z, y0)) 6≤ R(x0, y0). Then, by (P9),
(∨
z∈X
(
R(x0, z)R(z, y0)
))
→ R(x0, y0)  >, for
some x0, y0 ∈ X . We set f = Rx0 . Note that R(f)(x0) =
∧
z∈X
(R(x0, z)→ R(x0, z)) = >.
Therefore,
R(f)(x0)→ R(R(f))(x0) = > →
( ∧
z∈X
(
R(x0, z)→
∧
y∈X
(
R(z, y)→ R(x0, y)
)))
=
∧
z∈X
(
R(x0, z)→
∧
y∈X
(
R(z, y)→ R(x0, y)
))
=
∧
z∈X
∧
y∈X
(
R(x0, z)→
(
R(z, y)→ R(x0, y)
))
=
∧
z∈X
∧
y∈X
((
R(x0, z)R(z, y)
)→ R(x0, y))
≤
∧
z∈X
( ∨
y∈X
(
R(x0, z)R(z, y)
)
→ R(x0, y)
)
≤
( ∨
y∈X
(
R(x0, z)R(z, y0)
))
→ R(x0, y0)  >,
Thus R(f)(x0) → R(R(f))(x0)  >, i.e. R(f)(x0) 6≤ R(R(f))(x0), and R(f) 6≤
R(R(f)).
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(i)⇒ (iii): Let f ∈MX and x ∈ X .
R(R(f))(x) =
∨
y∈X
(R(x, y)
∨
z∈X
(R(y, z) f(z)))
=
∨
y∈X
∨
z∈X
(R(x, y)R(y, z) f(z)), by Corollary 2.7 (item 1)
P3≤
∨
y∈X
∨
z∈X
(R(x, z) f(z)) by transitivity of R
= R(f)(x).
Thus, R(R(f)) ≤ R(f).
(iii)⇒ (i): We assume that R is not transitive. Then
∨
y∈X
(R(x0, y)  R(y, z0)) 6≤ R(x0, z0) for
some x0, z0 ∈ X . By (P9),
∨
y∈X
(R(x0, y)  R(y, z0)) → R(x0, z0)  >. Define a map f
by f(z0) = >, and f(x) = ⊥ if x 6= z0. We have R(f)(x0) =
∨
z∈X
(
R(x0, z)  f(z)
)
=
R(x0, z0). Therefore,
R(R(f))(x0)→ R(f)(x0) =
( ∨
y∈X
(
R(x0, y)
∨
z∈X
(
R(y, z) f(z))))→ R(x0, z0)
=
( ∨
y∈X
∨
z∈X
(
R(x0, y)
(
R(y, z) f(z))))→ R(x0, z0)
=
( ∨
y∈X
( ∨
z∈X
(
R(x0, y)R(y, z)
) f(z)))→ R(x0, z0)
=
( ∨
y∈X
(
R(x0, y)R(y, z0)
))
→ R(x0, z0)  >,
and R(R(f))(x0) 6≤ R(f)(x0). Thus, R(R(f)) 6≤ R(f).
Theorem 4.1. Let (X,R) be an M -fuzzy approximation space, and f ∈MX be a fuzzy subset.
(i) If R is an M -tolerance relation then
R(R(f)) = R(f) ≤ f ≤ R(f) = R(R(f)).
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(ii) If R is an M -equivalence relation then
R(R(f)) = R(R(f)) = R(f) ≤ f ≤ R(f) = R(R(f)) = R(R(f)).
Proof. (i) For every f ∈ MX . We have by Transitivity of R, R(R(f)) ≤ R(f). Since R is
reflexive, we have, R(f) ≤ R(R(f)). Hence R(R(f)) = R(f). The second equality can be
proved in the analogous way.
(ii) For every f ∈ MX , we have by the transitivity of R, R(f) ≤ R(R(f)). Next, by the reflex-
ivity of R we have R(f) ≤ R(R(f)). Then, R(R(f)) ≤ R(R(R(f))). By the symmetry of
R we have R(R(R(f))) ≤ R(f). Then R(R(f)) ≤ R(f). Therefore, R(f) = R(R(f)). By
the same manner we can prove the second equality.
5 CONCLUSION
In this paper, we extended Anna Maria Radzikowska work’s [20] by generalizing the notion of fuzzy
rough sets with an arbitrary residuated multilattice as the set of truth values. We defined the fuzzy
approximation space and prove that the defining lower and upper M -fuzzy rough approximators co-
incide with the lower and upper L-fuzzy rough approximators defined by Anna Maria Radzikowska
[20]. Since we established the fuzzy rough set with a residuated multilattice as underlying set of
truth values, it will be also interesting to use the residuated multilattice as underlying set of truth
values in Rough Fuzzy Concept Analysis.
REFERENCES
[1] E. Bartl, Jan Konecny, Formal L-concepts with Rough Intents, In CLA 2014: proceeding of the 11th International
Conference on Concept lattice and their Applications, (2014), 207-218.
[2] E. Bartl, Jan Konecny, Using Linguistic Hedges in L-rough Concept Analysis, CLA 2015, ISBN 978-2-9544948-0-7,
(2015), 229-240.
[3] E. Bartl, Jan Konecny, Rough Fuzzy Concept Analysis, Fundamenta Informaticae 15, (2017), 141-168. DOI 10.3233/FI-
2017-1601 IOS Press
[4] R. Belohlavek, V. Vychodil, What is a Fuzzy Concept Lattice?, In R. Belohlavek et al. eds. CLA, (2005), 34-45.
[5] R. Belohlavek, Fuzzy Closure Operators, J. Math. Anal. Appl. 262(2) (October 2001) 473-489.
[6] M. Benado, Les ensembles partiellement ordonnés et théorème de raffinement de Schreier II (Théorie des multistruc-
tures), Czechoslovak Math. J.5, (1955), 308 - 344.
[7] A. Burusco, R. Fuentes-Gonzalez, The study of L-fuzzy concept lattice, Mathware and Soft Computing 3, (1994), 209-
218.
[8] I. P. Cabrera, P. Cordero, G. Gutiérrez, J. Martinez, M. Ojeda-Aciego, Residuated operations in hyperstructures: resid-
uated multilattices, 11th International Conference on Computational and Mathematical Methods in Scinece and Engi-
neering, CMMSE 2011, (June 2011), 26-30.
20
[9] I. P. Cabrera, P. Cordero, G. Gutiérrez, J. Martinez, M. Ojeda-Aciego, On residuation in multilattices: Filters, congru-
ences, and homomorphisms, Fuzzy Sets and Systems, (2014), 1-21.
[10] B. Davey, H. Priestley, Introduction to Lattices and Order, Cambridge University Press, second edition, 2002.
[11] R. P. Dilworth, N. Ward, Residuated lattices., Trans. Amer. Math. Soc. 45, (1939), 335-354.
[12] D. Dubois, H. Prade, Rough fuzzy sets and fuzzy rough sets, Int. J. of General Systems, 17, (1990), 191 - 209.
[13] B. Ganter, R. Wille, Formal Concept Analysis: Mathematical Foundations, Springer, Berlin- Heindelberg (1999).
[14] J.A Goguen, L-fuzzy sets, Journal of Mathematical Analysis and Applications 18, (1967), 145 - 174.
[15] L. N. Maffeu Nzoda, B.B.N. Koguep, C. Lele, L. Kwuida, Fuzzy setting of residuated multilattices, Annals of Fuzzy
Mathematics and Informatics, volume 10, No 6, (December 2015), 929 - 948
[16] J. Medina, M. Ojeda-Aciego, J. Ruiz-Calvino, Concept-forming operators on multilattices, 11th International Confer-
ence (ICFCA 2013), Dresden, Germany, May 21- 24, Volume 7880, (2013), 203 - 215.
[17] J. Medina, J. Ruiz-Calviño, Fuzzy formal concept analysis via multilattices: first prospects and results, In the 9th
International Conference on Concept Lattices and theirs Applications (CLA 2012), 69 - 79.
[18] J. Medina, M. Ojeda-Aciego, J. Ruiz-Calviño, Fuzzy logic programming via multilattices, Fuzzy Sets Syst, 158 (6),
(2007), 674 - 688.
[19] J. Poelmans, Dmitry I. Ignatov, Sergei O. Kuznetsov, Guido Dedene, Fuzzy and Rough Formal Concept Analysis: a
Survey, International Journal of General Systems, Vol. 43, No. 2, (2014), 105 - 134.
[20] A. M. Radzikowska, E. E. Kerre, Fuzzy rough sets based on residuated lattices, Transactions on Rough Sets II, in:
LNCS, vol. 3135, Springer-Verlag, (2004), 278 - 296.
[21] L. A. Zadeh. Fuzzy sets, Information and Control 8, (1965), 338 - 358.
[22] Zdislaw Pawlak, Rough sets, International Journal of Computer and Information Sciences, 11(5), ( 1982), 341 - 356.
21
